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Abstract
We have considered X-ray radiation of a relativistic charged particle mov-
ing in a system consisting of microspheres distributed randomly in a dielectric
material. A new mechanism based on the diffusional scattering of pseudopho-
tons is suggested. The result leads to a stronger dependence of radiation
intensity on the particle energy, γ = E/mc2, than that predicted by the tra-
ditional transition radiation theory, and explains a recent experiment on such
a system of randomly distributed superconducting granules.
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Radiation of charged particles in randomly inhomogeneous media is a problem of current
interests. One of the applications is to utilize this as a detector to determine the energy
of a relativistic charged particle since radiation of this nature strongly depends on the
particle energy, γ. The feature of γ dependence makes the detection sensitivity increase as
the particle energy goes up. The currently existing detectors, such as ionization chamber,
Cerenkov detector etc., measure the particle energy by measuring the velocity, β = v/c.
This loses the sensitivity since in the relativistic regime, β approaches 1.
One type of the cryogenic detectors is qualified to belong to the category of random
system. It is consisting of type-I superconducting microspheres randomly distributed in
dielectric material such as wax or varnish etc. In the H-T phase diagram, there is a super-
heated superconducting region above the critical transition line. It is a metastable state in
which the superconducting state persists under the condition that no external nucleation
disturbances exist even if it goes across the critical transition line from the superconducting
to the normal state region. The critical field which confines the superheating state is the
superheating field, Hsh. The superconducting microsphere in the superheating state will
undergo irreversible phase transition to the normal state if an external energy exceeding
the transition threshold energy is deposited on the grain. By detecting the grain transition
signal, one can actually detect the energy deposited on the grain. For a detail description
on the superconducting granule device, see, for example, the references listed in [1].
Recently, Yuan et al carried out an experiment utilizing the type of detector as described
above to investigate the X-ray radiation from a relativistic charged particle passing through
the detector [2]. The detector is consisting of superconducting Sn microspheres randomly
distributed in paraffin wax to form a cylindrical bar of 0.3 cm in diameter and 1.2 cm in
length. The microsphere is 35 µm in diameter. The experimental result shows that the
number of grain transitions, hence the number of X-ray photons emitted, is proportional to
γ.
By the conventional Transition Radiation (TR) theory [3], the charged particle will emit
photons when passing across the interface. One can calculate the radiation intensity or
the number spectrum of photons emitted by summing the contributions from the interfaces.
This method of calculation takes each local interface effect into account as commonly applied
in the conventional thin foil TR detector. According to the TR theory, the intensity emitted
is linearly proportional to γ, while the number of photons generated, proportional to ln(γ),
see for example, reference [4].
Here, we explain the result of the experiment carried out by Yuan et al. based on
the diffusional scattering of pseudophotons. The idea is to view the electromagnetic field
associated with a moving charged particle as a collection of pseudophotons. When the
charged particle moves in a medium of inhomogeneous dielectric property, the pseudophoton
can be scattered to become real photon and detected in an experiment. From this point
of view, the cause of the radiation is not confined to the local interface where the charged
particle passes, as described in the TR theory, but, instead, resulting from the neighbouring
region next to the particle trajectory with inhomogeneous dielectric constant. This makes
the radiation a global effect rather than a local one.
The number of pseudophotons associated with the moving charged particle is estimated
as follows,
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Nps ∼
∫
d~q
(2π)3
A2(~q) , (1)
where ~A(~q) is the vector potential of the electric field created by the moving charge. The
Maxwell’s equation for this vector potential has the form,
∇2 ~A + ǫω
2
c2
~A = −4π
c
~j(~r, ω) , (2)
where
~j(~r, ω) =
e~v
v
δ(x)δ(y)eiωz/v , (3)
is the current of a charged particle moving uniformly in the z-direction with velocity v, and ǫ
is the average dielectric constant of the system, see below for the details. From the symmetry
of the problem, it follows that the vector potential is directed along the z-direction, Ai=Azˆi.
Then, the Eq. (2) is easily solved to have the solution,
A(~q) =
−8π2e
c
δ(qz − ω/v)
k2 − q2 , (4)
where k = ω
√
ǫ/c is the wavenumber of the pseudopohotons.
By substituting Eq. (4) into Eq. (1), and replacing δ(0) by Lz/2π to take into account
the finite size of the system, one obtains
Nps(ω) ∼ e
2
c
γ2mLz , (5)
where γm = (1 − β2ǫ)−1/2 is the Lorentz factor in the medium in which we believe that
v
√
ǫ <c is always the case, and Lz is the length of the system.
A simple sketch of the superconducting granule detector is presented in Fig. 1. The pseu-
dophoton field is moving together with the charged particle as plotted. Once the charged
particle along with the pseudophotons enter the system, they experience the variation of
the dielectric constant introduced by the grains distributed in the wax and show scattering
effect. Since the pseudophoton is moving along the z direction and in the X-ray region
under consideration, the wave length is much smaller than the grain diameter, λ << a,
the pseudophoton experiences the randomness in the moving direction without the effect
resulting from the transverse direction. The randomness of the dielectric constant as seen
by the pseudophoton is therefore of the same nature for the granular system as for the sys-
tem of plates of thickness a oriented perpendicular to the moving direction of the charge.
The only difference is that the plate thickness a is uni-size, while there is a distribution
in the path length of the pseudophoton when traversing the granule. This introduces fur-
ther randomness which does not modify the result qualitatively. So, we can describe the
superconducting granule system by the model system consisting of a homogeneous medium
with dielectric constant ǫ0(ω) in which parallel plates of thickness a and dielectric constant
ǫp(ω) are randomly spaced in the z-direction. This is a system with dielectric constant of
1-D randomness as proposed by Gevorkian [5]. When a charged particle moves in such a
system in the z-direction, the surrounding pseudophoton scatters from the inhomogeneity
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of the dielectric constant and is converted into a real photon. Scattering of this kind is
characterized by the scattering mean free path in the z-direction, which is related to the
randomness of the media via the correlation function of the dielectric constant. Under the
condition of Born approximation, ka|
√
ǫp/ǫ0 − 1| << 1, the mean free path is estimated as
l(ω) =
4c2
na2(ǫp − ǫ0)2ω2 , (6)
where n is the concentration of plates in the z-direction, ǫp and ǫ0 are the dielectric constants
for the plate and the homogeneous medium respectively.
The multiple scattering occurs under the condition that λ << l(λ) <<L, lin(λ). L
is the characteristic dimension of the system and lin is the inelastic mean free path of
pseudophoton. This condition leads to the diffusion of pseudophoton in the z-direction. The
radiation intensity in the diffusion scattering region, integrated over the angles, is estimated
as follows,
I(ω) ∼ Nps 1
l(ω)
L2
l2(ω)
. (7)
It is proportional to the number of pseudophotons, Nps, the probability of pseudophoton
scattering, 1/l(ω), and the mean number of scatterings in the random medium, L2/l2. By
substituting Eq. (5), the radiation intensity in Eq. (7) becomes,
I(ω) ∼ e
2
c
γ2m
Lz
l(ω)
L2
l2(ω)
. (8)
In the emission of X-ray, the plasma formula for the dielectric constant applies.
ǫp(ω) ≈ 1−
ω2p
ω2
,
ǫ0(ω) ≈ 1−
ω2p0
ω2
, (9)
where ωp is the plasma frequency of the plate, and ωp0, of the homogeneous medium. The
average dielectric constant of the system, ǫ = ǫ0 + na(ǫp − ǫ0), then becomes,
ǫ(ω) ≈ 1− (1− na)ω
2
p0 + (na)ω
2
p
ω2
, (10)
and the Lorentz factor in the medium has the following form accordingly,
γm = γ
(
1 +
ω2c
ω2
)−1/2
. (11)
In the above equation, one defines the characteristic frequency
ωc = γ
√
(na)ω2p + (1− na)ω2p0 . (12)
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This characteristic frequency is a result of the overall dielectric inhomogeneity and the
particle energy, γ. Substituting the plasma formulae, Eq. (9), into the condition of Born
approximation, one obtains,
ω >>
a(ω2p − ω2p0)
2c
≡ ωb . (13)
The elastic mean free path of the pseudophoton, then, takes the form,
l(ω) ≈ 1
n
(
ω
ωb
)2 . (14)
The characteristic frequency, ωb, is related to the plate thickness and the dielectric property
across the boundary of the plate surface.
Weak absorption of pseudophotons can be taken into account in similarity to the case
of wave propagation [6]. The electromagnetic field, or the pseudophoton, can be absorbed
by the random medium. In the weak absorption limit, the elastic mean free path is much
smaller than the inelastic one, l << lin(ω). Under diffusion propagation of pseudophotons,
the quantity
√
l · lin, instead of L, becomes the effective size of the system provided that√
l · lin ≤ L, [6]. Therefore, the radiation intensity becomes,
I(ω) ∼ e
2
c
γ2
(1 + ω
2
c
ω2
)
Lzlin(ω)
l2(ω)
. (15)
The ratio, lin/l, is the mean number of pseudophoton scatterings before the absorption. The
inelastic mean free path of pseudophoton in the X-ray region is determined by the absorption
mainly via photoelectric effect,
l−1in (ω) = (1− na)N0σ0ph(ω) + (na)Npσpph(ω) , (16)
where N0 and Np are the atom numbers in unit volume of the homogeneous medium and of
the plate respectively. σ0ph(ω) and σ
p
ph(ω) are the corresponding photoelectric cross sections.
The frequency dependence of the radiation intensity in different frequency regimes is
derived as follows. In the region, ωb << ω << ωL (where ωL is the frequency at which the
effective size equals the system characteristic size,
√
l(ωL) · lin(ωL) = L), the absorption of
the pseudophoton determines the effective size of the system. Therefore, taking into account
that in this region the photoabsorption cross section is hydrogen-like, σph(ω) ∼ ω−3.5, we
obtain the frequency dependence of radiation intensity, I(ω), and the number of photon
emitted from the detector, N(ω)=I(ω)/h¯ω, from Eqs. (15) and (16),
I(ω) ∼ e
2
c
γ2
ω−1/2
1 + ω
2
c
ω2
, (17)
and
N(ω) ∼ αγ2 ω
−3/2
1 + ω
2
c
ω2
. (18)
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For ω > ωL, the diffusion trajectory is cut on the system characteristic size. We have the
formula for I(ω) and N(ω) in this frequency range as,
I(ω) ∼ e
2
c
γ2
ω−6
1 + ω
2
c
ω2
, (19)
and
N(ω) ∼ αγ2 ω
−7
1 + ω
2
c
ω2
. (20)
where α = e2/h¯c is the fine structure constant.
From the above equations, by integrating over frequencies and taking into account that
ωc ∝ γ, one obtains the energy dependence of the total radiation intensity, IT (γ), and
the total number of emitted photons, NT (γ), coming out of the pseudophoton field in the
folllowing two frequency ranges.
For ωc < ωL,
IT (γ) ∼ γ2.5 ,
NT (γ) ∼ γ1.5 . (21)
For ωc > ωL, the radiation reaches the saturation region,
IT (γ) ∼ Constant ,
NT (γ) ∼ Constant . (22)
Since the frequency, ωL, is a signature which marks that the effective size of the system under
diffusional propagation of pseudophoton equals the system size, the radiation intensity of the
charged particle is saturated once the pseudophoton field is cut by the system size spatially.
The saturation region is therefore determined by the system size L2 and the particle energy,
γ. From l(ωL) · lin(ωL) = L2, together with lin(ωL) ∝ ω3.5L and l(ωL) ∝ ω2L, we have ωL ∝
L4/11.
In formulae (21) and (22), we have found the energy dependence of the emitted radiation
intensity and the number of emitted photons. On the other hand, in the experiment [2], the
number of absorbed photons is measured. These two are related to each other if we consider
the photon emitted from the pseudophoton field as well as the photon absorbed by the
system at the same time. Since the effective linear size of the system is
√
l · lin, there exist
many such subsystems in the medium along the path of moving electron in the z-direction.
After real photons are formed with a spatial extent of
√
l · lin, they propagate through the
rest of the system with part of them absorbed by the system. Under the condition of weak
absorption, the number of real photons absorbed is proportional to the total number of real
photons and the absorption probability of a diffusing photon determined by
√
l · lin/lin in a
system of effective size
√
l · lin. Therefore, one can evaluate the total number of absorbed
photons as,
Nab ≤
∫ ωc
ωb
dω
[
l(ω)
lin(ω)
]1/2
NT (ω) . (23)
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By taking into account the frequency dependence of ωc, l(ω), lin(ω), and NT (ω), we obtain
from Eq. (23), Nab ∼ γx, with x ≥ 3/4. Also, from Eq. (21), the upper limit of the exponent
is 1.5. So, the number of grain transitions has a γ dependence to the power within the bound
0.75 ≤ x ≤ 1.5. This puts the experimental result [2] within this bound.
We now estimate some of the quantities obtained in the above equation for the system of
the cryogenic detector used in the experiment by Yuan et al [2]. The volumetric filling factor
of 13 % for the Sn grains mixed in the wax corresponds to n ∼ 130 cm−1. By identifying
the grain diameter as the plate thickness in the above model, a ∼ 35µm, one has na ∼
0.46. The characteristic size of the system is roughly 0.3 cm, which is the diameter of the
detector cylinder in this case. Using ωp ∼ 50 eV for Sn and ωp0 ∼ 20 eV for wax, we have
ωb ∼ 120 KeV and ωc ∼ (37eV)γ which ranges from 74 to 740 KeV corresponding to the
beam energy from 1 to 10 GeV. From the characteristic frequency above, one can estimate
the elastic mean free path in the frequency range of interests, which is about a few hundred
KeV. Indeed, with the frequency below ωL, which is estimated to be a few hundred KeV,
the elastic mean free path, l(ω), is from 0.02 up to 0.3 cm corresponding to photon energy
from 200 to 800 KeV. If we calculate
√
l · lin from the elastic mean free path, l, obtained
above together with the lin calculated from the mass energy absorption coefficient [8], we
obtain the effective size of the system being from 0.1 cm to the order of 1 cm within this
energy range. This is about the size of the characteristic dimension of the system. So, we
have
√
l · lin ∼ L. This puts the detector system under consideration in the right range for
description by the diffusional emission mechanism, and the result gives a correct trend on
the response of the detector subject to the beam test in terms of grain transition.
In conclusion, we have suggested a new mechanism of X-ray radiation from a relativistic
charged particle moving in a random medium based on the multiple scattering of electro-
magnetic field (pseudophoton). Strong energy dependence of the number of superheated
superconducting grains proceeding the phase transition to the normal state, observed in the
experiment [2], is a manifestation of this radiation mechanism. Experiment on the radia-
tion from the system of randomly spaced plates has been performed by Detoeuf et al [7].
However, the radiation investigated is in the region of soft X-ray from 6 to 12 KeV, which
is out of the region valid for diffusional scattering because the absorption is strong so that
l(λ) << lin(λ) is not satisfied. For the future experiment to provide more evidences on
the diffusional mechanism of X-ray radiation, we propose criteria for the diffusional region,
λ << l << L, lin. The X-ray radiation is greatly enhanced in this region. A detector
working on this would then have a promising application in measuring the energy, γ, of an
extremely relativistic charged particle.
This work was supported in part by the National Science Council of the Republic of
China (Taiwan) under contract No. NSC 89-2112-M-001-005.
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FIG. 1. Superconducting granule detector. Solid circles represent the Sn grains in superheating
state, while the open ones, for those in normal state. The grain diameter is a. Trajectories for the
scattered pseudophotons are plotted
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